We count the number of isomorphism classes of degree d-twists of some polarized abelian varieties over finite fields of odd prime dimension. This can be seen as a higher dimensional analogue of the counting problem for elliptic curves case.
Introduction
Let k be a perfect field and let K be a Galois extension of k. For a quasi-projective algebraic variety X over k, an algebraic variety X ′ over k which admits a K-isomorphism φ : X ′ K → X K is called a (K/k)-twist of X. As an example, we take K to be an algebraic closure of k and X a projective (n − 1)-space over k. In this case, such an X ′ is called a Severi-Brauer variety of dimension (n − 1) over k.
We will denote the set of k-isomorphism classes of (K/k)-twists of X by Twist(K/k, X). Then it is well known [Ser, III. §1, Proposition 5 ] that there is a bijection between Twist(K/k, X) and the first Galois cohomology group H 1 (Gal(K/k), Aut K (X K )). In this paper, we consider the case when X is an abelian variety over k. As we mentioned above, there is a bijection between Twist(K/k, X) and H 1 (Gal(K/k), Aut K (X K )). In general, Aut K (X K ) is infinite, which makes it difficult to compute the group H 1 (Gal(K/k), Aut K (X K )). To remedy this difficulty, we introduce a polarization λ on X over k to consider a polarized abelian variety (X, λ) (so that Aut K (X K , λ K ) is finite). Now, we recall the following theorem:
Theorem 1.1. Let Twist(K/k, (X, λ)) be the set of k-isomorphism classes of (K/k)-twists of a polarized abelian variety (X, λ) over k. Then there is a bijective map θ : Twist(K/k, (X, λ)) → H 1 (Gal(K/k), Aut K (X K , λ K )).
Using this theorem, we give an answer to the problem of counting the number of twists of certain polarized abelian varieties over finite fields, together with a work of the first author [Hwa19] . In fact, we give a finer result by taking the degree of the twists into account.
To this aim, we first introduce the notion of the degree of twists (see Definition 3.1): we say that a (k/k)-twist (X ′ , λ ′ ) of (X, λ) is of degree n if the "minimal" defining field L of the corresponding k-isomorphism φ : (X ′ k , λ ′ k ) → (X k , λ k ) is of degree n over k. Now, it is well known that for a given elliptic curve (E, O E ) over a finite field k with char(k) ≥ 5, the number of its (k/k)-twists (up to kisomorphism) equals the number of k-automorphisms of E k preserving O E k . Furthermore, the number of (k/k)-twists of (E, O E ) of degree d (up to k-isomorphism) can be described explicitly, where d is an integer dividing the order of Aut k (E k , O E k ). (For a more precise statement, see Proposition 3.8 below.) The main theorem of this paper is a higher dimensional analogue of the previously mentioned result:
Theorem 1.2. Let (X, λ) be a simple polarized abelian variety of odd prime dimension over a finite field k such that the group Gal(k/k) acts trivially on Aut k (X k , λ k ). Then the number of (k/k)-twists of (X, λ) (up to k-isomorphism) is equal to n := | Aut k (X, λ)|. If we further assume that k contains all n-th roots of unity in k, then for each d | n, the number of (k/k)-twists of degree d of (X, λ) (up to k-isomorphism) is equal to the number of positive integers that are less than or equal to d and relatively prime to d. This paper is organized as follows: Theorem 1.1 seems to be known, and the only reference [Mil, Theorem IV.7 .10] that we could have found gives a somewhat brief proof. Hence in Section 2, we define a (K/k)-twist of a given polarized abelian variety (X, λ) over k as a polarized abelian variety, and gives a more detailed proof of Theorem 1.1. In Section 3, as mentioned in the above, we first introduce the notion of the degree of a (k/k)-twist of a polarized abelian variety (X, λ) over k, and state a result on the number of k-isomorphism classes of (k/k)-twists of a given elliptic curve (E, O E ) over k. Afterwards, we recall a result on the possible automorphism groups of simple polarized abelian varieties of odd prime dimension over finite fields, and provide the proof of Theorem 1.2 together with a concrete example.
In the sequel, let k be a perfect field, K a Galois extension of k, k an algebraic closure of k, and G k = Gal(k/k), the absolute Galois group of k, unless otherwise stated. Also, for an integer n ≥ 1, let ϕ(n) denote the number of positive integers that are less than or equal to n and relatively prime to n, and µ n the group scheme of n-th roots of unity over k.
Twists of polarized abelian varieties
In this section, we introduce the notion of twists of polarized abelian varieties over k. To this aim, we first recall the following fundamental result, which was mentioned in Section 1:
Proposition 2.1. Let X be a quasi-projective algebraic variety over k and let Twist(K/k, X) be the set of k-isomorphism classes of (K/k)-twists of X. Then there is a bijective map θ : Twist(K/k, X) → H 1 (Gal(K/k), Aut K (X K )).
Proof. For a proof, see [Ser, Chapter III. §1, Proposition 5 ].
An immediate consequence of the above proposition is:
Corollary 2.2. Let X be an abelian variety over k. Then the set Twist(k/k, X) is in one-to-one correspondence with H 1 (G k , Aut k (X k )).
Proof. Since k is perfect, we know that k is a Galois extension of k. Hence, the desired result follows from Proposition 2.1. Now, we consider a polarized abelian variety (X, λ) over k: let X be an abelian variety over k and let λ : X → X ∨ be a polarization on X that is defined over k. (Here and in the sequel, X ∨ denotes the dual abelian variety of X.) We define a homomorphism between two polarized abelian varieties (X, λ) and (X ′ , λ ′ ) over k as a homomorphism of abelian varieties φ : X → X ′ over k that makes the following diagram
, which is also defined over k.
Next, we define the notion of twists of polarized abelian varieties. Let (X, λ) be a polarized abelian variety over k. Then we introduce the following
is a polarized abelian variety over k and there exists a K-isomorphism φ : (X ′ K , λ ′ K ) → (X K , λ K ) of polarized abelian varieties. The set of k-isomorphism classes of (K/k)-twists of (X, λ) is denoted by Twist (K/k, (X, λ)).
To obtain our main result of this section, we further recall that an element σ ∈ Gal(K/k) defines a morphism Spec σ : Spec K → Spec K, which will be written as σ (for notational convenience), and induces a K-isomorphism σ X K : X K → X K via the universal property of the fiber product of k-schemes.
Finally, we also recall the notion of the relative Picard scheme. Following [EGM, §6.1], we consider quasi-compact and quasi-separated S-scheme f :
T L is called a rigidification of L along ǫ T , and (L, ǫ T ) is called a rigidified line bundle on Y T . For rigidified line bundles (L 1 , α 1 ) and (L 2 , α 2 ) on Y T , the homomorphism between rigidified line bundles is defined as a homomorphism h : L 1 → L 2 satisfying
Now we consider a functor P Y /S,ǫ which maps an S-scheme T to the group of the isomorphism classes of rigidified line bundles on Y × S T . For the case when S = Spec K and f : Y → S is proper, it is known that the functor P Y /S,ǫ is representable by an S-scheme. In this case, the relative Picard scheme of f : Y → S is isomorphic to the representing object of P Y /S,ǫ , and we will write f for a structure morphism of the representing S-scheme of P Y /S,ǫ . Throughout this paper, we focus on the case when S = Spec K, and either Y = Spec K or Y is an abelian variety over K (for example, we take Y = X K ).
Then we observe the following useful fact:
Proof. First of all, we note that (σ X ∨ K ) −1 = (σ −1 ) X ∨ K . The relative Picard scheme of σ : Spec K → Spec K whose section map ǫ is σ −1 , is the representing object of a functor P Spec K/ Spec K,σ −1 that will be written by P σ,σ −1 . By the definition of σ, two functors Hom K (−, σ) and P σ,σ −1 (−) are naturally isomorphic.
We will show that σ = σ. Let g : T → Spec K be a K-scheme. For ǫ = σ −1 on Spec K, we define ǫ g by the universal property of the following diagram:
In particular, we have that p 1 • ǫ g = 1 T and p 1 is an isomorphism of K-scheme.
Let (L 1 , α 1 ) and (L 2 , α 2 ) be two elements in P σ,σ −1 (g) for a K-scheme g : T → Spec K. Then there is an isomorphism
Hence, for every K-scheme g :
. Since σ is isomorphic to 1 K which is the terminal object of the category of K-schemes, this is the unique object of Hom K (g, σ). We define an isomorphism η g :
.) The claim is that this η gives a natural isomorphism between the functors Hom K (−, σ) and P σ,σ −1 (−). Indeed, let h : T ′ → Spec K be another K-scheme and φ : g → h be a K-homomorphism. We also use p 1,g , p 2,g , p 1,h and p 2,h to distinguish the projection morphisms of schemes T × g,K,σ Spec K and T ′ × h,K,σ Spec K. Then we can lift φ to T × g,K,σ Spec K → T ′ × h,K,σ Spec K by the universal property of the diagram:
is isomorphic to (p * 2,g O Spec K , β), as in (1). Therefore we get that η g • φ * = φ * • η h . Since η gives an isomorphism for any K-scheme, two functors Hom K (−, σ) and P σ,σ −1 (−) are naturally isomorphic, and hence, we have σ = σ. Now, let ǫ : Spec K → X K be a section of f : X K → Spec K. By the definition of ǫ, we have
As a consequence of the above lemma, we record:
Proof of Theorem 1.1. The goal is to show that there is a bijection θ : Twist(K/k, (X, λ)) → H 1 (Gal(K/k), Aut K (X K , λ K )).
For an element (X ′ , λ ′ ) of Twist(K/k, (X, λ)), we let θ(
This makes sense because the following diagram
commutes (with the aid of Corollary 2.5) so that θ(φ)(σ) ∈ Aut K (X K , λ K ), and we have
as K-automorphisms of the polarized abelian variety (X K , λ K ). Now, we check that θ is well-defined. To this aim, suppose that we are given two equivalent pairs (X ′ , λ ′ ) and (X ′′ , λ ′′ ) in Twist(K/k, (X, λ)) i.e. two K-isomorphisms
and a k-isomorphism ψ : (X ′ , λ ′ ) → (X ′′ , λ ′′ ) are given. By definition, it is enough to show that there exists an α ∈ Aut
for all σ ∈ Gal(K/k), as K-automorphisms of the polarized abelian variety (X K , λ K ), and hence, the map θ is well-defined. Next, we prove that θ is injective. Indeed, suppose that we are given two pairs (X ′ , λ ′ ) and (X ′′ , λ ′′ ) such that θ(φ 1 ) is cohomologous to θ(φ 2 ) i.e. there are two K-isomorphisms
for all σ ∈ Gal(K/k) so that ψ is defined over k. Hence we can conclude that θ is injective. Finally, we prove that θ is surjective. Indeed, for a cocycle c ∈ H 1 (Gal(K/k), Aut K (X K )), we recall that the (K/k)-twist θ −1 (c) is defined in terms of an abelian variety c X over k and a K-isomorphism φ c : ( c X) K → X K , as in [Ser, Chapter III, Proposition 5] . In particular, we have θ(φ c ) = c i.e. c(σ) = σ φ c • φ −1 c for all σ ∈ Gal(K/k). Now, let c ∈ H 1 (Gal(K/k), Aut K (X K , λ K )) be a cocycle so that we can further introduce a polarization φ * c λ K on ( c X) K . If we assume that φ * c λ K is defined over k, then a cocycle c gives rise to an element ( c X, φ * c λ K ) in Twist(K/k, (X, λ)). Hence by construction, we have θ( c X, φ * c λ K ) = c, and this shows that θ is surjective.
Therefore, it only remains to show that φ * c λ K is defined over k. We note that φ * c λ K is defined over k if and only if for all σ ∈ Gal(K/k), we have
On the other hand, since c(σ) ∈ Aut K (X K , λ K ), we know that
c , the desired result follows from the second statement of Corollary 2.5. This completes the proof.
We recall the following well-known result:
Proposition 2.6. Consider an elliptic curve (E, O E ) over k where O E is the identity of E. Then there is a bijective map between Twist(k/k, (E, O E )) and H 1 (G k , Aut k (E k )).
For a detailed discussion, see [Sil, §X.5 ].
Main result
In this section, we give our main result of this paper. To this aim, we begin with introducing the following notion:
Definition 3.1. Let (X, λ) be a polarized abelian variety over k and let (X ′ , λ ′ ) be a (k/k)-twist of (X, λ). We define the degree of (X ′ , λ ′ ) to be the quantity
of polarized abelian varieties}, and denote it by deg(X ′ , λ ′ ).
For example, a (k/k)-twist (X ′ , λ ′ ) of (X, λ) is of degree one if and only if it is k-isomorphic to (X, λ). Now, for an integer m ≥ 1, let M = |µ m (k)|. Then we have µ m (k) = µ M (k), and for all integers d | M, we get that µ d (k) ⊂ k × .
We record one result for the case when k is a finite field, which will be used later:
Lemma 3.2. Let k be a finite field, and let d | M be an integer. Then the number of all characters in Hom(G k , µ M (k)) of order d is equal to ϕ(d).
Proof. Let α ∈ k × , and denote the image of α under the natural map k × → k × /(k × ) M by α. Let β ∈ k be an M-th root of α. We consider a character χ α : G k → µ M (k), which is defined by
for all σ ∈ G k . (Note that since µ M (k) ⊆ k × , the character χ α does not depend on the choice of such a β.) Then it is easy to see that the following two assertions hold: (i) The order of χ α is equal to the order of α;
(ii) We have that {χ α | α ∈ k × /(k × ) M } = Hom(G k , µ M (k)). Now, let χ ∈ Hom(G k , µ M (k)) be a character of order d. Then by (ii), we may write χ = χ α for some α ∈ k × /(k × ) M , and then, it follows from (i) that the order of α is equal to d. Let S d be the set of all elements of order d in k × /(k × ) M . Since the order of α n is equal to d for each 1 ≤ n < d, gcd(n, d) = 1, we have that ϕ(d) ≤ |S d |. Note that this inequality also holds for every d ′ | M. Hence it follows that
This completes the proof.
Remark 3.3. Since G k is a topologically cyclic group generated by the Frobenius automorphism Frob k , a character χ of G k is determined by its value at Frob k . The image of χ is a finite discrete group, and hence, the order of χ is equal to the order of χ(Frob k ). This observation gives one proof of Lemma 3.2, but we give another proof as in the above because we will use a similar argument again.
Let m, M, and d be as in the above. Then since G k acts trivially on µ d (k), a character in Hom(G k , µ d (k)) actually defines a cocycle in H 1 (G k , µ d (k) ). We also note that
as abelian groups. Indeed, since the sequence
and each one is isomorphic to H 1 (G k , µ M ) and H 1 (G k , µ m ), respectively, by Hilbert's 90. More concretely, for each j = m, M, an element α ∈ k × gives rise to cocycles c α,j (σ) = σ(β j )/β j for some β j such that β j j = α, and the isomorphism between H 1 (G k , µ m ) and H 1 (G k , µ M ) maps c α,m to c α,M . Now, we are ready to give the following definition: once again, let m, M, and d be as in the above.
Definition 3.4. Let (X, λ) be a polarized abelian variety over k such that Aut k (X k , λ k ) ∼ = µ m (k) as G k -modules. Let (X ′ , λ ′ ) be a (k/k)-twist of (X, λ) with the property that θ(X ′ , λ ′ ) corresponds to a character χ ∈ Hom(G k , µ M (k)) via the identification H 1 (G k , Aut k (X k , λ k )) ∼ = Hom(G k , µ M (k)). If there exist an integer d | M and a character χ ∈ Hom(G k , µ M (k)) whose order is exactly equal to d, then we say that (X ′ , λ ′ ) is induced by a character of order d.
In fact, if Aut k (X k , λ k ) ∼ = µ m (k) as G k -modules and µ m (k) ⊂ k × , then every (k/k)-twist of (X, λ) is induced by a character of some order.
Remark 3.5. There are some cases in which Aut k (X k , λ k ) ∼ = µ m (k) as G k -modules. For example, if either X is an elliptic curves over a finite field k whose characteristic is ≥ 5 and µ m (k) ⊂ k × or X is a simple polarized abelian variety of odd prime dimension over a finite field k such that µ m (k) ⊂ k × (see Lemma 3.11), then we have the desired isomorphism. Also, there are some non-examples which were studied by the first author (see [Hwa, Theorem 6.5] ).
We also note that a (k/k)-twist which is induced by a character of order d exists only when µ d (k) ⊂ k × . In fact, since we do twisting with a cocycle as in [Ser, Chapter III] , a character must be a cocycle when we consider twisting with a character. In other words, we need that Hom(G k , µ d (k)) = H 1 (G k , µ d (k)), which is fulfilled if µ d (k) ⊂ k × . Hence there is a (k/k)-twist of prime degree that is not induced by a character even when Aut k (X k , λ k ) ∼ = µ m (k) as G k -modules, as illustrated in the following example:
Example 3.6. The elliptic curve x 3 + y 3 = 2z 3 over Q (with the Q-rational point ∞ := [1 : −1 : 0]) is a cubic (Q/Q)-twist of the elliptic curve x 3 + y 3 = z 3 over Q (with the same point at infinity). In fact, they are isomorphic over Q( 3 √ 2). (For example, see [DV09, §2.4 ] for a detailed explanation.) However, it is not a (Q/Q)-twist that is induced by a character of order 3, because µ 3 (Q) ⊂ Q × .
The following fact gives a description on the relation between the degree of a twist of a polarized abelian variety (that is induced by a character) and the order of the character.
Lemma 3.7. Let (X ′ , λ ′ ) be a (k/k)-twist of (X, λ) so that there is a finite field extension L of k
Proof. Note first that since Hom(G k , µ M (k)) = H 1 (G k , µ M (k)) ∼ = k × /(k × ) M , we may assume that χ = χ α for some α ∈ k × /(k × ) M , which was introduced in Lemma 3.2. Fix such an α, and a fortiori, a β ∈ k such that β M = α. Then by assumption, we have
for all σ ∈ G k . Since φ is defined over L, we have that σ(β) = β for all σ ∈ Gal(k/L), and hence, we obtain β ∈ L, which is the fixed field of Gal(k/L). Thus it follows that k(β) is a subfield of L, which contains k. In a similar fashion, we can also see that φ is defined over k(β). Then by the assumption that deg(X ′ , λ ′ ) = [L : k], we have L = k(β). Finally, since µ d (k) ⊆ k × and the order of χ = χ α is equal to d (so that β d ∈ k × ), we get that [k(β) : k] = d, and hence, the desired result follows.
This completes the proof. Now, we consider the problem of counting the number of twists of elliptic curves over finite fields with a given degree. For example, it is well known that the number of degree 2 twists of elliptic curves E over finite fields such that j(E) = 0, 1728 is one, and this fact can be easily generalized for the twists of elliptic curves over finite fields of arbitrary degree as in Proposition 3.8 below.
For the rest of this section, we assume that k is a finite field with char k = p > 0. We recall that if p ≥ 5, then Aut k (E k ) ∼ = µ m (k) as G k -modules, where m = 2, 4, 6 if j(E) = 0, 1728, j(E) = 1728, and j(E) = 0, respectively. (see [Sil, Corollary III.10 .1].) In this situation, we can obtain the following 
Proof. By Hilbert's 90, we know that
Thus it follows from Proposition 2.6 that we have
For the second assertion, recall first that we have a bijection
by Proposition 2.6 and group isomorphisms
Let (E ′ , O E ′ ) be a (k/k)-twist of (E, O E ) that is induced by a character χ ∈ Hom(G k , µ M (k)) of order d (for some d | M) via the identifications of (2). Then by Lemma 3.7, we have deg(E ′ , O E ′ ) = d, which, in turn, implies that ϕ(d) ≤ N(d) by Lemma 3.2. Since this inequality holds for any d ′ | M by a similar argument, it follows that we have
where the last equality holds by the first assertion. Hence we have that ϕ(d ′ ) = N(d ′ ) for all d ′ | M, and, in particular, we get that ϕ(d) = N(d), as desired. This completes the proof.
Remark 3.9. If p = 2 or 3, then the conclusion of Proposition Before giving an analogous result for some polarized abelian varieties, we need two lemmas: the first lemma is about the computation of Galois cohomology in certain cases.
Lemma 3.10. Let M be a G k -module with trivial Galois action whose underlying group is Z/lZ (resp. Z/l 2 Z) for some prime number l. Then we have H 1 (G k , M) ∼ = Z/lZ (resp. Z/l 2 Z).
Proof. We assume that the underlying group of M is Z/l 2 Z. For a finite extension L of k, we have
Hence it follows that
where the direct limit is taken over all finite extension fields L of k. A similar argument can be used for the case when the underlying group of M is Z/lZ.
The second lemma deals with the possible automorphism groups of simple polarized abelian varieties of odd prime dimension over finite fields: let g ≥ 3 be a prime number.
Lemma 3.11. Let (X, λ) be a simple polarized abelian variety of dimension g over k. Then Aut k (X, λ) is isomorphic to one of the following cyclic groups: Z/nZ for n ∈ {2, 4, 6, 14, 18, 4g + 2}.
Proof. For a proof, see [Hwa19, Theorem 4.1] .
Here, we note that the case Aut k (X, λ) ∼ = Z/(4g + 2)Z occurs only when 2g + 1 is also a prime. Now, our main result of this section is the following Theorem 3.12. Let (X, λ) be a simple polarized abelian variety of dimension g over k, N(d) the number of (k/k)-twists of (X, λ) of degree d (up to k-isomorphism), N = d≥1 N(d), and let n = | Aut k (X, λ)|. (a) If G k acts trivially on Aut k (X k , λ k ), then we have N = n. (b) If we further assume that µ n (k) ⊂ k × , then we have
Proof. (a) Since G k acts trivially on Aut k (X k , λ k ), we have Aut k (X k , λ k ) = Aut k (X, λ), and hence, Aut k (X k , λ k ) ∼ = Z/nZ, for n ∈ {2, 4, 6, 14, 18, 4g + 2}, as G k -modules, by Lemma 3.11. We also have H 1 (G k , Z/nZ) ∼ = Z/nZ, for n ∈ {2, 4, 6, 14, 18, 4g + 2}, by Lemma 3.10. Hence it follows from Theorem 1.1 that N = | Twist(k/k, (X, λ))| = |H 1 (G k , Aut k (X k , λ k ))| = |H 1 (G k , Z/nZ)| = n.
(b) Since µ n (k) ⊂ k × , we have that µ n (k) ∼ = Aut k (X k , λ k ) as G k -modules. Hence we can see that H 1 (G k , Aut k (X k , λ k )) ∼ = H 1 (G k , µ n (k)) = Hom(G k , µ n (k)) ∼ = Z/nZ as in (a). In the set Hom(G k , µ n (k)), there are ϕ(d) characters of order d, and they are all the elements of Hom(G k , µ n (k)) since d|n ϕ(d) = n. Furthermore, if a (k/k)-twist (X ′ , λ ′ ) corresponds to a character of order d, then its degree is also d, by Lemma 3.7. Hence, by a similar argument as in the proof of the second assertion of Proposition 3.8, we can see that N(d) = ϕ(d) if d | n, and N(d) = 0 otherwise (using part (a)). This completes the proof.
In the above theorem, we assume that G k acts trivially on Aut k (X k , λ k ) and µ n (k) ⊂ k. However this condition is not so strong because it can be achieved by taking some finite extension of k.
We conclude this section by giving a concrete example, which is based on [Hwa19, Theorem 4.1]: recall that a simple abelian variety over k is absolutely simple (or geometrically simple) if it is simple over k. Then we have the following Example 3.13. Let k = F 125 . Also, let X be an abelian threefold over k such that π X is conjugate (as 125-Weil numbers) to a zero of the quadratic polynomial t 2 + 5t + 125 ∈ Z[t], and that End k (X) is a maximal Z-order, containing Z 1+ √ −19 2 , in a central simple division algebra End 0 k (X) of degree 3 over Q( √ −19), and let (X ′ , λ) be a polarized abelian threefold over k with Aut k (X ′ , λ) ∼ = Z/2Z (as in the proof of [Hwa19, Theorem 4.1]-(1)). By [HZ02, Proposition 3], X ′ is absolutely simple. Now, it is clear that End k (X ′ ) ⊆ End k (X ′ k ). Then since End k (X ′ k ) is a Z-order in End 0 k (X ′ k ) = End 0 k (X ′ ) and End k (X ′ ) is a maximal Z-order in End 0 k (X ′ ), it follows that End k (X ′ ) = End k (X ′ k ). In particular, we have Aut k (X ′ ) = Aut k (X ′ k ). Hence, we can conclude that Aut k (X ′ k , λ k ) = Aut k (X ′ , λ) ∼ = Z/2Z. By Theorem 3.12, we have | Twist(k/k, (X ′ , λ))| = 2 and the only non-trivial (k/k)-twist of (X ′ , λ) is of degree 2.
